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Abstract
The magnetization process of the S=1/2 kagome-lattice antiferromagnet is investigated using the 
numerical diagonalization up to 42-spin clusters. The critical exponent analysis confirms the 
unconventional magnetization behavior around the 1/3 magnetization plateau-like anomaly; the field 
derivative is infinite at the low-field side, while it is zero at the high-field side. We also confirm that a 
magnetization jump appears at 1/3 of the saturation magnetization in distorted kagome-lattice 
antiferromagnets. 
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1 Introduction
The S=1/2 kagome-lattice antiferromagnet[1] is one of the most interesting frustrated systems. Many 
theoretical studies indicated that it exhibits the disordered ground state which is called the quantum spin 
liquid[2-14]. Experimental studies to observe a novel spin liquid phase in the kagome-lattice 
antiferromagnet have been accelerated since discoveries of several realistic materials; the 
herbertsmithite[15,16], the volborthite[17,18], and the vesignieite[19,20]. Since the quantum Monte 
Carlo simulation is useless for the system because of the negative sign problem, the numerical exact 
diagonalization is one of the best numerical method for it, as well as the density matrix renormalization 
group (DMRG) calculation. The numerical diagonalization studies suggested a magnetization plateau-
like anomalous behavior at 1/3 of the saturation magnetization[21-25], although the classical spin 
systems have no plateau in the ground state[26]. In our recent numerical diagonalization study on the 
S=1/2 kagome-lattice antiferromagnet up to system size N=36, the calculated field derivatives revealed 
an anomalous behavior at 1/3 of the saturation magnetization[27]. Namely, the field derivative is 
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divergent at the low-field side of the critical field Hc, while almost zero at the high-field side. This 
critical behavior is quite different from conventional magnetization plateaux in two-dimensional 
systems where the field derivative is finite at both sides of Hc. To distinguish such an anomalous 
property at the 1/3 magnetization of the kagome-lattice from conventional plateaux, we called it a 
``magnetization ramp''. Our recent finite-size scaling analyses up to N=39 revealed some characteristic 
features of the magnetization ramp quantitatively[28]. In these works the critical exponents were 
revealed to be different between the low-field and high-field sides of the anomalous behavior at 1/3 of 
the saturation magnetization. The critical exponents were more precisely estimated by the finite-size 
scaling analysis applied for the numerical diagonalization data up to N=42[29]. In the present paper, 
using the same numerical diagonalization data, we confirmed the unconventional behavior around the 
1/3 magnetization. 
Our recent numerical diagonalization analysis on the distorted kagome-lattice 
antiferromagnet[29,30] indicated a magnetization jump at the high field side of the 1/3 magnetization 
plateau. However, it was detected only as a two-step jump (įSz=2) only, which can also appear in the 
spin nematic phase, namely the two-spin bound state. In the present paper, in order to confirm that it is 
a macroscopic magnetization jump, we show some magnetization curves for typical parameters 
calculated by the numerical diagonalization up to 42-spin clusters. 
2 Model and Calculation
At first we consider the critical magnetization behavior at 1/3 of the saturation magnetization Msat
for the S=1/2 isotropic kagome-lattice antiferromagnet, described by the Hamiltonian
                                                                                                            (1)
in the next section. But in the third section we consider the magnetization jump of the distorted kagome-
lattice antiferromagnet described by the Hamiltonian
                                                      (2)
which is shown in Fig. 1. The model includes the ¥3¥3-type lattice distortion. 
For each model, we performed the numerical diagonalization based on the Lanczos algorithm to 
calculate the ground state magnetization curve up to 42-spin clusters under the periodic boundary 
condition. In order to draw the magnetization curve, we calculate the lowest energy eigenvalue E(M) 
for each M(=ȈjSjz) of the above Hamiltonian systems. Note here that the K computer in Kobe, Japan 
was used to carry out Lanczos diagonalizations for the 42-spin clusters, using our MPI-parallelized 
program[31] whose usefulness was confirmed in large-scale parallelized calculations[14,29,32]. We 
examine the magnetization M as a function of H of the system including the Zeeman term –hȈjSjz.
Hereafter we often use m=M/Msat.
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Fig. 1   Distorted kagome-lattice antiferromagnet. The black bond is J1, while the green one is J2.
3 Critical Magnetization Behavior around m=1/3 
In this section we confirm the unconventional critical behavior around 1/3 of the saturation 
magnetization for the isotropic kagome-lattice antiferromagnet, which was proposed by our previous 
works[27-29]. At first the ground state magnetization curves calculated for the 36-spin and 42-spin 
clusters of the isotropic kagome-lattice antiferromagnet are shown in Fig. 2(a). We consider the behavior 
around the 1/3 magnetization plateau-like anomaly. We would like to confirm that the critical exponent 
į defined by the form 
                                                                      (3)
is larger than one at the high-field side, while it is smaller than one at the low-field one. Our previous 
finite-size scaling analysis up to 42-spin clusters estimated the exponents į- at the low-field side and 
į+ at the high field sides as 
                                                                                                                 (4)
                                                                                                                (5)
In order to check the validity of the estimations, we calculate the inverse of the field derivative ȤGHILQHG
as 
                             (6)
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We plot F-1 versus (1/3-m)1-į- at the low-field side in Fig. 3; we plot Fversus (m-1/3)1-į+ at the high-field 
side in Fig. 4, respectively, assuming the above estimated values of į- DQGį+. The good linearity in Fig. 
4 justifies the above estimation of į+. The linearity is not good in Fig. 3ZKLFKVXJJHVWVWKDWį- can be 
ODUJHU7KXVWKHEHKDYLRURIWKHSORWVWLOOFRQILUPVWKDWį- is larger than one at least. Therefore the present 
analysis supports į- > 1 and į+ <1, which is consistent with our previous proposal. 
Fig. 2  Ground state magnetization curves for (a) the undistorted case and (b) the distorted one. The 
curves are presented for the 27-spin (black line with squares) 36-spin (red line with circles) and 42-spin 
(blue line with diamonds) clusters. Inset of (b) shows a zoomed-in view at the higher-field edge of the 
one-third height of the saturation. In the inset, the solid lines represent the results obtained after the 
Maxwell construction while the dotted lines do those obtained before the Maxwell construction. Note 
here that in the distorted case, N/9 should be supposed to be an integer while the cases when N/3 is an 
integer are available for the undistorted case. 
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Fig. 3 Inverse field derivative 1/Ȥ SORWWHG YHUVXV (1/3-m)1-į at the low-field side. Circles, squares, 
triangles, and diamonds are for N=42, 39, 36, and 27, respectively. 
Fig. 4  Field derivative ȤSORWWHGYHUVXV (m-1/3)1-į+ at the low-field side. Circles, squares, triangles, and 
diamonds are for N=42, 39, 36, and 27, respectively.
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4 Magnetization Jump for the Distorted Kagome-Lattice 
Antiferromagnet
Our numerical diagonalization study in Fig.2(a) and (b) suggests that the behavior around the 1/3 height 
of the saturation is clearly different between the undistorted and distorted cases. In the distorted case in 
Fig. 2(b), a magnetization jump appears at the high-field side of the 1/3 magnetization plateau for J2/J1
>1. However, we just found a two-step jump (įSz=2), which can appear even in the gapless nematic 
phase where the two magnon bound state is realized. In the nematic phase, a finite-size jump can appear 
but it is not a macroscopic one; it disappears in the thermodynamic limit. In order to exclude the 
possibility of the nematic phase, it is required to confirm the formation of a macroscopic jump. Within 
finite-size calculations, such a jump is confirmed by the observation of the jump with įSz>3.
Unfortunately, such a jump with įSz>3 in the distorted kagome-lattice antiferromagnet has not been 
observed owing to the fact that the number of unit cells in the distorted cases is small. In order to observe 
such a jump, we instead examine the magnetization process of the antiferromagnet on the lattice with 
another-type distortion[33], which shows a jump of the same type. The lattice is shown in the right inset 
of Fig.5. The calculated magnetization curves for J2/J1=1.5 is shown in the main panel of Fig. 5. The 
maximum size we calculated is the 42-spin cluster, which is not available in the examination of the case 
of the ¥3¥3-type distortion. The left inset in Fig. 5 indicates that a three-step jump (įSz=3) is derived 
from the Maxwell construction. The result gives a strong evidence of a macroscopic magnetization jump. 
Fig. 5 Ground state magnetization curves of the 24-spin (open diamonds), 30-spin (open squares) 36-
spin (open circles) and 42-spin (solid squares) clusters of the antiferromagnet on the distorted lattice
with black J1 and red J2 interactions in the right inset. The left inset shows a zoomed-in view at the 
higher-field edge of the one-third height of the saturation. In this inset, the thick lines represent the 
results obtained after the Maxwell construction while the thin lines do those obtained before the Maxwell 
construction. This inset indicates that  the Maxwell construction leads to a three-step jump at 1/3 of the 
saturation magnetization.
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5 Summary
The numerical diagonalization study on the kagome-lattice antiferromagnet up to 42-spin clusters 
confirms that the field derivative is infinite at the low-field side of the 1/3 magnetization plateau-like 
behavior, while the derivative is zero at the high-field side. The present study also justifies the estimation 
of the critical exponent in our previous work. In addition the calculated magnetization curves of up to 
the 42-spin cluster of the distorted-lattice antiferromanget confirm a macroscopic magnetization jump 
at the high-field side of the 1/3 magnetization plateau. 
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